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Abstract 

We study the variational problem 

inf{Afc(!:!) : fi open in R™, < oo, H'^'^idQ.) < 1}, 

where Afc(r2) is the fc'th eigenvalue of the Dirichlet Laplacian acting in 
L^ifl), W^-^idQ) is the (m - 1)- dimensional Hausdorff measure of the 
boundary of Q., and is the Lebesgue measure of Q.. If m = 2, and 
k = 2, 3, • • • , then there exists a convex minimiser ^2,k- If m > 2, and 
if 57m. fe is a minimiser, then Q,*^ f. :— mt{^lm,k) is also a minimiser, and 
\ f2m,fc is connected. Upper bounds are obtained for the number of 
components of r2,„_fc. It is shown that if m > 3, and k < m + 1 then 
^m,k has at most 4 components. Furthermore flm,k is connected in the 
following cases : (i) m > 2, fe = 2, (ii) m = 3,4, 5, and A; = 3, 4, (iii) 
m — 4,5, and k = 5, (iv) m — 5 and k — 6. Finally, upper bounds on the 
number of components are obtained for minimisers for other constraints 
such as the Lebesgue measure and the torsional rigidity. 
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1 Introduction 



Let n be an open set in Euclidean space R™ (m = 2, 3, • • • ), with boundary dil, 
and let — An be the Dirichlet Laplacian acting in L'^{^l). It is well known that if 
has finite Lebesgue measure |f2| = / In then — Aq has compact resolvent, and 
the spectrum of — An is discrete and consists of eigenvalues Ai(r2) < X2{^) < ■ • • 
with Xj{n) — > cxo as j ^ cxo. The Faber-Krahn inequality (Theorem 3.2.1 in [8]) 
asserts that ^ 

Ai(f^)>Ai(i?„0(^^) (1) 

where Bm = {x G M™ : \x\ < 1}. By scaling we see that we have equality in ([T]) 
if is any ball. 

The Krahn-Szego inequality (Theorem 4.1.1 in |8]) asserts that 

A2(17)>22/"%(S„)(^^)'^'", (2) 

where we have equality if fl is the union of two disjoint balls with equal measure. 
For higher Dirichlet eigenvalues {k > 2) it is not known whether the variational 
problem 

inf{Afc(17) : n open in M™, \n\ < 1} (3) 

has a minimiser. However, it has been shown that if fc = 3, and if the collection 
of open sets in ([3|) is enlarged to the quasi-open sets then a minimiser exists 
[5]. Moreover it has been conjectured that the minimiser for /c = 3 in Q is a 
ball if m = 2,3 or the union of three pairwise disjoint ball with measure 1/3 
each if m > 3. This could possibly suggest that the number of components of 
a minimiser of ^ increases as m and k increase. We will show in Theorem [3] 
and Corollary |4] that this is not the case as long as fc < to + 1. 
The following variational problem was considered in [6 . 

inf{A2(f^) : n open and bounded in M'",Per(f^) < 1}, (4) 

where the perimeter of a measurable set Q is defined by 

Per(r!)= / iVlnl 

in the sense of BV functions, with Per(r2) = +oo if In is not a BV function. 
There it was shown that if m = 2 then there exists a minimiser, which is 
convex, and C°°. Moreover its boundary contains exactly two points where 
the curvature vanishes. It is easy to construct other minimisers of (|4]). Let 
be a minimiser of and let L be a nodal set of the second Dirichlet 
eigenfunction for ilm.2- Then Per(il,„.2 \ L) ~ Pei{ilm.2) since \L\ — 0. Since 
A2(f^m,2) equals the first eigenvalue of either of the nodal domains, we have that 
A2(f^m,2) = A2(r2m,2 \ L). Hence flm,2 \ L is a minimiser of ^ which is not 
connected. If C is any closed subset of L then flm,2 \ C is also a minimiser. In 
order to avoid such pathologies properties and to be able to study topological 
properties such as connectedness we modify the constraints in and study 
the following variational problem instead. 

mi{Xk{n) : n open in M", \n\ < oo,n"'-'^{dn) < 1}. (5) 
The main results of this paper are the following. 
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Theorem 1. 

i. If m — 2, and k = 2, 3, • • • then ^ has a minimiser which is open, 
bounded and convex. 

ii. Let flrn,k is a minimiser o/ ([5]) • (a) If K is a relatively closed subset of the 
nodal set L of the k 'th Dirichlet eigenfunction for ftm.k with Ti™^^^ [K) = 
then rim^k \ K is also a minimiser o/ ([5]). (b) 172, fc is connected for all 
fc = l,2,-.-. 

Hi. Denote the infimum in ^ by \\. // m — >■ oo then 

XI = Ai(i?„)(7{'"-i(9B™))2/('"-i)(l + (log4)m-i + 0{m~^)). (6) 

iv. // m = 2, 3, • • ■ then flrn,2 is not a ball. 

Throughout the paper we denote for a set i? C M™ its interior by int(£'), 
its closure by E, E* = int(!E), and for x £ W"\R > we let B{x;R) = 
X + RBm- In the following we give some topological properties of minimisers of 
([5]), and of minimisers of variational problems with other constraints such as the 
Lebesgue measure in . Throughout the paper we denote by lj the number of 
components of a set £7 e M™, and write e.g. LJm,k for the number of components 
of a minimiser ^m.k- 

Theorem 2. If ^m,k is a minimiser of ^ then we have the following, 
i. il* J J. is a minimiser of ([5]) . 
ii. R™ \ ^ is connected. 

Hi. flrn,2 is connected {ujm,2 = 1) for m = 3, 4, • • • . 
iv. If k = 3,4:, ■ ■ ■ , and m = 3, 4, • • • , then 

L^m,k < 1 + L2-(™-i)/™((Afc(i?,„)/Ai(i?„0)(™-i)/2 - 1)J, (7) 
where [-J denotes the integer part. 

V. 

{1, m = 3,4,5, fc = 3,---,m + l, 
2, m = 6, ■•• ,24, fc = 3,--- ,m + l, 
3, m = 25,-- - ,587, fc = 3, •■• ,m + l, 
4, m = 588, fc = 4, • • • ,rn + 1. 

Theorem 3. Suppose T is a non-negative function defined on the open sets in 
K™ which satisfies the following : 

(a) T(Uoeil7) = T{n) if I is a disjoint family of open sets, 

nei 

(b) There is /S > such that for Q open in Wand a > 0, T{an) = a'^T{VL), 

(c) inf{Ai(ri) : n open in R", T{VL) < 1} is minimised by the ball B C M™ 

withT{B) = 1, 

(d) T is invariant under isometrics of D, , 

(e) T{fl) < oo implies that the spectrum of —An is discrete. 
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// flm.k be a minimiser of 

mi{Xkin) : n open in M™, < 1}, (8) 

and if m = 2,3, ■ ■ ■ and k — 3,4,- ■ ■ with k > l{\k{B„i)/Xi{B„i))^^^\, then 

com,k < L(Afc(B„0/Ai(B„0)'3/2j - 1. (9) 

Two examples of set functions satisfying the assumptions on T are the 
Lebesgue measure with /3 = m, and the torsional rigidity with /3 — m + 2. 
In the Appendix in Section |3] we will show that the torsional rigidity satisfies 
(e) . It follows directly from the definition of the torsional rigidity in ([M)) and 
(|55p below that the torsional rigidity satisfies (a), (b) with /3 = m + 2, and (d). 
In [TU] and [TT] it was shown that (c) holds for the torsional rigidity if m = 2. 
The method of proof in these papers extends to all m [10] . The bounds on the 
number of components for these two examples are given in the following. 

Corollary 4. 

i. If P — m then 



'1, 


m 


-2,3, 


fc = 3, ■ • • , m H 


'1, 


2, 


m 


= 4,.. 


• ,7, fc = 4,--- 


m + 1, 




m 


= 8,-- 


• ,19, fc = 5,--- 


, TO + 1, 


4, 


m 


= 20,- 


•• ,60, fc = 6, • 


• , TO + 1, 


5, 


m 


= 61,- 


•• ,548, fc = 7, 


• • , m + 1 


.6, 


m 


= 549, 


••• , fc = 8,--- 


m + 1. 



ii. If P — m + 2 then 




5, • • • , 26, fc = 6, • • • , TO + 1, 
27, ••• ,430, fc = 7,--- ,m + l, 
431,-- - , fc = 8,--- ,m + l. 



Theorem [3] does not give any information for /3 = m + 2ifTO = 2,3,4, since 
there are no values of fc for which m + 1 > fc > [(A/c(Bm)/Ai(-Bm))'^^^J- For 
/? > m and fc much larger than to we do not obtain information either since 
by Weyl's law XkiBm) - fc^/™ and so (Afc(B„0/Ai(B,„))'5/2 _ ,^0/m_ ^^^^ ^jg^ 
that connectedness of the minimiser for the third eigenvalue in and with 
T Lebesgue measure is proved in [T3] . Here we additionally prove connectedness 
of the minimiser for the fourth eigenvalue in M.^. 

At present we do not know whether there exists a minimiser of ([5]) for to > 2, 
fc = 2, 3, • ■ • , and if so whether such a minimiser is smooth or bounded. The 
proofs of Theorem [2] and of Theorem [3] do not rely on any such properties. 

A key ingredient in the proof of Theorem [5] is the isoperimetric inequality. 
Recall (Theorem 3.46 in [2]) that for a measurable set ft C M™ with |0| < oo. 



\n\ < \Br, 



/ Pcr(17) 
\Pcr{B^) 



in I (771—1) 
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This combined with Per(n) < n^^-^dn) and Per(B„) = W^-'^{dBm) gives 
the isoperimetric inequahty for the (m — 1) - dimensional Hausdorff measure: 



Inequality (fTU)) is well known. (See for example [T], where it was stated for 
bounded regions in M™.) By Faber-Krahn ^ and ([T0| we obtain the isoperi- 
metric inequality 

Xm>X^{B„,)^^^_^^^^^ j . (11) 

By Krahn-Szego (0) and pUj) we have that 

/qjm~l(f)To ^\2/(m-l) 

A,(0)>2*'A,(B„.)(Vi||l) , (12) 

Inequality (fT2|) is not isoperimetric since ([2]) and (fTO)) are isoperimetric for non- 
isometric sets. 

This paper is organized as follows. In Section [5] we prove Theorem [T] The 
proofs of Theorems and of [3] are deferred to Section O 



2 Proof of Theorem [T] 

Proof of Theorem]^ (i) Let m = 2, and let (ri„) be a minimising sequence of 
(O. By Lemma m below we have that n„ = U^^j^^^^i, where the A„_j,j = 
1, • • • , fc is a family of pairwise disjoint, open and connected sets. By trans- 
lational and rotational invariance we may rearrange the An/s such that they 
remain disjoint but such that U*L]^A„^i is connected. Taking the convex enve- 
lope of UjLjA„_i does not increase 'H^(9(U*^^^A„^i) nor does Afc(int(uf^j A„^i)) 
increase. We denote the resulting sequence of convex sets again by (i7„). It 
is clear that the diameter of i7„ is bounded by 1/2. By translating the r2„'s 
we may assume that they are contained in the closed ball with radius 1 in R^. 
Following the proof of Theorem 2.1 in [5 , there exists a subsequence of (f2„) 
again denoted by (f2„) which converges to a convex set in the Hausdorff 
metric. Then 'H^{dil) — Per(r2) by the convexity of il. By the lower semicon- 
tinuity for the perimeter (Proposition 2.3.6 in (2) we have that ^{^{dft) < 1. 
Finally Afc(r2„) — >■ A/c(fi) by Proposition 2.4.6 in [3]. We may choose V, open. 
Its diameter is bounded by 1/2. 

(ii)(a) Since -H"-i(^) = we have that •H"-i(a(f2„^,fe\i\:)) = n"'~\dnm,k). 
Since X is a subset of the nodal set for the fc'th eigenfunction for ftm,,k we have 
that Xk{^m,k \ K) = Xk{^m,k), and flm,k \ if is a minimiser too. Note that it 
follows by the proof under (i) that all minimisers of ([5]) for m — 2 are convex up 
to a set of capacity or up to a subset of the nodal line with one dimensional 
Hausdorff measure 0. 

(b) Let i72,fe be a minimiser of ([5]) for m — 2, and let fl2,k be its open convex 
envelope. Then 1^2, fc is open and connected, li K = fl2,k\^2,k then T-O'lK) ~ 0, 
and K does not partition Q.2,k- Hence Q.2,k is connected. 
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(iii) To obtain a lower bound for A2 we have by definition of A2 and ([T 
that 

A* = M{X2{n){H"'-\dn)f/^'^-^'> : n open in R", \n\ < 00} (13) 
> 22/™Ai(B™)(H"-i(5B„))2/(™-i). 

To obtain an upper bound for A2 we choose for fl the union of two disjoint open 
bahs each with boundary measure 1/2. This gives 

A* < 22/(™-i)Ai(B„)(H™-i(aB„0)2/("-i), (14) 

and © follows by ^ and (ITl) . 

(iv) Suppose that k — 2 and that i?,„ is a minimiser of ([5]). Then Xt, = 
A2(S,m)CH™-i(aB„0)2/("-i). Then by ^ we have that 

A2(S™) < 22/(™-i)Ai(B™). (15) 

But Ai(i?,„) = J(^„_2)/2' and A2(i?m) = j^y2' ^^herc ji, is the first positive zero 
of the Bessel function J,^,!^ > 0. Hence implies 

Jrn/2 < 2^/("-^'j(™-2)/2. (16) 

However, (1161) contradicts the numerical values of j(m-2)/2 and of jm/2 for 3 < 
TO < 2^^ of [13 . For TO > 2^^ (fT6)) contradicts the lower bound for jm/2 and the 
upper bound for j(m-2)/2 as obtained from (1401) . Hence r2m,2 is not a ball for 
TO = 3, 4, • • • . 

To show that B2 is not a minimiser for ([5|) with k = m = 2 we consider the 
ellipse 

= {(a;i, 2^2) e : .t? + (1 + 0"^a;2 < 1}, ^ > 0. (17) 
An elementary calculation shows that for i — > 

H\dnt)^4: C dx{l-x'')-^'^{l + 2tx' + ex'f'^ = 2Ti{l+t/2) + o{t). (18) 



Let 0t denote the Dirichlet eigenfunction corresponding to X2{^t)- The nodal 
line of is the set Q,t n {x2 = 0}. Denote = fit n {a;2 > 0}. Then 

A2(f^t) = Ai(fJf^+). Define for (xi,X2) G 17*,+ 

V't(a;i, 2^2) = 00(2^1, (1 +i)"^2^2), (19) 

where 0o = limf^Q+ (pt, and restricted to 5^o,+; is the first Dirichlet eigenfunction 
corresponding to Ai(ilo.+ . Then 

^l^{l + t)( <jyl (20) 



and 



Since 



,+ 



dx2 



(21) 
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we have by ^ and dH]) that for i ^ 
X2int) < A2(flo) - 2t "7 + o{t) 

Jno + n 




X2{no)\i-2t 1^ (^gj ly^ Iv^oH l+^W- (22) 




Since (/jq is given in polar coordinates by 

Mr,0) = Jiijir)sine, 0<9 <tt, 0<r<l. (23) 

we use (Hai, J^{cos0)'^de = {sme)'^de ^ 3 (cos 9)^ {sin 0)^ dO , and 
lo Ji{jii^)Jiijir)dr = to verify that 

Combining ([18]), ([22]), and ((241) we conclude that for i ^ 

{nHdnt)fX2{nt) < (Hi(9r!o))'A2(i^o)(i - 1/2) + o[t) < x;. 

Hence i7o = B2 is not a minimiser. □ 

3 Proofs of Theorems [2] and [3] 
3.1 Proof of Theorem [2] 



To prove Theorem [2^1) suppose that is a minimiser of ([5]). Then ft 

is open and 9^1^^ ^, = ^'^ ^ \ ^'^j, ^ ^m,k \ i'nt{D,m,k) = dflm,k, and hence 
< 1- Also note that ^ and so \n*^^k\^mM = 0. 

Thus |ri;;,^fci < \^m,k\ < oo. Finally 'f^™,^ C rJj;, ^., which implies Afc(rj;;^ ;.) < 
Afc(rim,fc)- Therefore is a minimiser of ([5]). 

To prove Theorem [5jii) we note that M™ \ r2,j!„ f. is closed and hence its 
components are closed. Suppose that C is a component of \ fl"^ f. with 
W-\dC) > and \C\ < oo. This gives \n*^ ,, U C| < \n*^ ,,\ + \C\ < 'oo (a). 
By monotonicity of Dirichlet eigenvalues Afe(0*^ ^ U C) < Afe(17^ j,) (b). Also 
dC c and hence H"'-\d{n*„^j, U C)) = W-^dni^j,) - H^'-^dC) < 

'H™~^((?ri^ fe)(c)- Finally to show that fi^^ ^ U C is open it suffices to show 
that any x S dC is an interior point. Suppose to the contrary that for all 
e > 0, B{x: e) \ (fijj^ j. U C) 7^ 0. Then a; is a limit point of another closed 
component of M™ \ Sl^ f., and so belongs both to that component and C. This 
contradicts the maximality of C. Hence fl*^ ^ U C is open (d). Then (a)-(d) 
contradict that fe is a minimiser of ([S]) . Finally suppose C is a component 
of \ with W^-^idC) = 0. Then as above C C int(rj;„^ U C), which 
combined with C = dC C 90*^ j, implies the contradiction C C il*^ ^ . We 
conclude that all components of i?™\f2*„ have infinite Lebesgue measure. Since 
T-L™~^ {do,*) < 1, J, cannot separate infinite components, and so R™ \ 
is connected. 
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In Lemmas [S][7] we obtain various properties of the minimisers of (O . We 
say that a component G of a minimiser ilm.fe of ([5]) supports I eigenvalues if 
^{\i{G) < XI} = I. In Lemma [S] we obtain an upper bound for the second 
Dirichlet eigenvalue of two balls with radius R which overlap by an amount 
e. This, together with Lemma [3 is then used to conclude that a minimiser of 
([5]) has at most one component supporting only one eigenvalue. The proof of 
Theorem [2] is completed subsequently. 

Lemma 5. Let ^m,k be a minimiser of (O and let 

^m,k — ^ieiGi, (25) 

where the Gi,i ^ I are pairwise disjoint, open, non-empty, and connected, and 
I is either finite or countably infinite. Then for all i,j^I, i ^ j, we have 
W"-\dGindGj) = 0, and 

iei 

Proof. Suppose there exists i,j £ I, i ^ j, such that H™'~^{dGi n dGj) > 0. 
Then 

H"-i(a(int(17„,fc U n dGj)))) < W-\dn^,k). (26) 
and, in obvious notation, 

spec(-Ai„t(n„.fcU(aG,naG,))) < spec(-Af2„. J. 

In particular Xk{v^i{^m,k U {dGi ndGj))) < Xk{^m,k) which together with 
contradicts that ilm,k is a minimiser. Hence 'H™~^{dGi fl dGj) = 0. 

□ 

Lemma 6. If ^m,k is a minimiser of ([5]) then 

for some UJm,k G {1, 2, • • • , k}, where the Gi 's are pairwise disjoint, open, non- 
empty and connected. 

Proof. Since the G^'s are pairwise disjoint, 

spec(-Ao„_J = ©ig/spec(-AGj. (27) 

We relabel the Gi's such that Ai(Gi) < Ai(G2) < Suppose that #/ > 
+ Then (p7)) implies that Xi{flm,k) < Ai(Gi), i — 1, - ■ ■ , fc, and Xk{i^m.k) < 
Afc(U,^=iGO. Then U,^=iG, is a minimiser. By Lemma [3 H™~i(a(U^^iGi)) < 
H"^^^{dilm,k) since Gk+i ^ 0. Contradiction. Hence < k. □ 

Lemma 7. Label the eigenvalues of —Ac. which are not greater than A^ by 
Xi{Gi), ■ ■ ■ ,Xj{Gi). Then Xj{Gi) — A^, and Gi is a minimiser of ^ (under 
the appropriate scaling) with k = j . 
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Proof. Suppose Aj(Gi) < Xk{^m.k)- Then without effecting the value of Afc(nm,fc) 
we could scale down Gi until we get Xj{Gi) = Xk{i^m,k) resulting in a decrease 
in the measure of the boundary which would contradict that fl„i.k is a minimiser 
of ©. Hence Aj(G,) = Xk{^m,k) = A^.. 

Suppose finally that Gi is not a minimiser of ([5]) with k — j. Let A be 
a minimiser of ^ scaled such that Xj{A) — Xj{Gi) and hence H"^^^{dA) < 
W-\dGi). Thus we have Afe(f7™,fe) = Afe((an,AGOuA) and H"-i(9((r!™,fe\ 
Gi) UA)) < H'"~^(9rJm^fe). Contradiction, since Q,m.k is a minimiser of ([S]). □ 

Lemma 8. Lei B{e) = 5(0; i?) n {x : xi < i? - e}, and let 

n{e)^u]^„ B{2iR~e)jei;R). (28) 

T/ien 

< MB{e)) < Ai(S(0; R)) + 0(e"/2), , ^ q. (29) 

Proof. The first inequality in (l29l) follows by Dirichlet bracketing if we impose 
Dirichlet boundary conditions on f2(e) n {xi = R — e}. To prove the second 
inequality in (I^Hl) we denote the first Dirichlet eigenfunction on B{0; R) by (p, 
and let x be a C°° function on depending on only, which is decreasing 
in xi on [R — 2e,R — e], with |Vx(a;)| < 2/e, x(x) = —1 for xi > R — e, and 
x{x) = for xi < R — 2e. Let = 0(l + x)- We will use the variational principle 
with test function ijj to obtain an upper bound on Xi{B{e)). Recall that since 
dB{0; R) is smooth there exists G depending on m such that (p{x) < C{R— \x\), 
and |V0(a;)| < G. Firstly 

/ |VV'P=/ (|V0p(l + x)'+0'|VxP + 20(l + x)V0.Vx) (30) 

< / |V0p + G^ / ((i? - |x|)2|VxP + 2G2(i? - IxDlVxl) 

JB(e) JB{e)-B(2e) 

< [ \V(t>\^ +2AG^\B{0)-B{2e)\. 
Secondly 

/ cf'il + xf^l ^'{l + xr>f (0'+2</.^x) (31) 

JB(c) JB(0) "'b(O) 

>[ {(l)^+2C^x)> f 0^ -2G2|B(0) -S(2e)|. 
JB(0) Jb(o) 

We conclude by and (gH) that for e ^ 

Ai(S(e)) < Xi{B{0; R)) + O{\B{0; R) - B{2e)\) = Ai(B(0; i?)) + 0(e"/2). 

□ 

Lemma 9. Let to = 3, 4, • • • , anrf /et fc = 2, 3, 4, ■ • • . // r2rn,fc *s a minimiser of 
^ then r2„i,fc ^as fli most one component supporting only one eigenvalue. 

Proof. Suppose flm,k has at least 2 components say Gi and G2 supporting only 
one eigenvalue each. By Lemma [7] each of these components is a minimiser 
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for the first eigenvalue, and Ai(G'i) — Ai(G2) = A^.. Hence by PT|) these 
components are balls with equal radius say R. Let 

n{e) = u]^o B{2{R~e)jei-R), 

where ei = (1,0,-- - ,0). An elementary calculation shows that for e — > 

■H^-^(dn{e)) = K'^-^dVliQ)) - 2r((TO + l)/2)-\2nRe)^'"'-^^'^{l + o(l)). 

Let L(e) > be such that 

Then 

L{e)^l + Ce^'''-^^l^{l + o(l)), (32) 

as e — > for some C > depending on R and m only. By scaling, Lemma [5] 
and 



A2(L(e)fl(e)) = L{e)-^ \2{^{e)) = - C'e(™-i)/2(l + o(l)), 

for some C" > depending on R and m only. Hence for e sufficiently small 
i(e)r2(e) is connected with H™-i(5(L(e)17(e))) = •^'"-^(aGi) + rr-^{dG2), 
and A2(-Zj(e)il(e)) < A2(Gi U G2). This contradicts the hypothesis that Vlm.k 
has two components Gi and G2, whose union supports two eigenvalues. □ 

In the sequel we suppress the m- and k- dependence of uJm,k and write 

To prove Theorem [2jiii) we note that by Lemma |6l r2m,2 is either connected 
or is the union of two components supporting one eigenvalue each. The latter 
is excluded by Lemma O So r2m,2 is connected. 

To prove Theorem Hfiv) we let fc = 3, 4, • • • , and m — 3, 4, • • • . By Lemma 
121 we may assume that ^m,k has at most one component supporting only one 
eigenvalue of rim,fc- So 

where all components except possibly Gi support at least two eigenvalues. Let 
T-L™^^{dGi) = a. By Lemma [7] and Faber-Krahn we have that 

/T/m-l/Qn N\2/(m-l) 

A:>Ai(Gi)>Ai(B„) ^> 

By Lemma [7] we also have that for any i G {2, 3, • • • ,a;} 

Aj:-max{A,(G,):A,(G,)<Aa. 
By Krahn-Szego it follows that for any i G {2, 3, • • • ,uj} 

A;>2^'™A.(Bj(|;J||;f) , (33) 

and in particular that 
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We have by Lemma that 



i=2 



and thus 



min H"-i(aGO < ^ " 



ie{2,--- ,u} UJ — 1 

Hence by ((M)) 

/-T/m-l/'arj \\2/(m-l) 

> 2^/™Ai(B„0(^ - If"-"^-'^ ( i_7 J • (35) 

Combining ((33|) with (l35t yields 

> Ai(i?„0(H™-i(9i?,„))2/(™~i) 

X max{a-2/(™-i)^22/™(t^ - _ a)-2/("-i)}. 

The right hand side of the inequality above attains its lower bound for 
a = (l + (cj-l)2('"-i)/™)-i. 

Hence 

K > Ai(S„)(H"-i(9B„))2/(™-i)(l + i)2('"-i)/'")2/(m-i). (36) 
On the other hand 

A^ < Afe(i?,„)(-H™-i(9B™))2/("-i). (37) 

Putting and ([571) together gives that 

Afc(i?™) > Ai(B™)(l + (c^ - i)2("-i)/")2/(™-i). 

This completes the upper bound in ([7]). 
To prove Theorem [2fv) we note that 

M{Bm) = ■ ■ ■ ~ \m+i{Bjn)- (38) 

Hence for k < m + 1 we have that 

< 1 + L2-(™-i)/™(A2(i?„0/Ai(i?„0)^'""''/' - 1)J ■ (39) 
Recall that Ai(B 

~ •?(^m-2)/2' ^'^'-^ ^2{Bm) — 3^/2' Numerical evaluation of 
the right hand side of (15^ for 3 < m < 2^^ using [13] gives the upper bound 
for (jj as advertised. To prove the Corollary for m > 2^^ we use that [12] 

+ av^l'^ + v^^l"^, \ <v <oo, (40) 

where a = 1.8557- • • can be expressed in terms of the first positive zero of an 
Airy function, and 0.500 < < 1.537. Hence 

3m/2 < W2 + a(m/2)i/3 + 2{7n/2)~^'\ (41) 
11 



and 

J(™-2)/2 >{m^ 2)/2 + a((m - 2)/2f'\ (42) 
Combining (|4T|) and (|42]) gives that for m > 2^^ 

f .-^"/' ) ' < e2+6""'' < e35/i6. (43) 

V j(m-2)/2 / 

So for m > 2^^ and k < m + 1 

t^<l+L2-i+2""(e35/i6_i)j 

which completes the proof of Theorem [51 
3.2 Proof of Theorem O 

To prove Theorem [3] note that the foUowing holds under the assumptions on T. 
Lemma 10. Let Q be an open set in M™ such that T(Cl) < oo. Then 

Xim>X^{B„,)(^^^y\ (44) 



(45) 



Proof. The proof of pi)) follows directly from hypotheses (b) and (c) in Theorem 
131 To prove (HSl) we let (/)2 be the second eigenfunction of the Dirichlet Laplacian 
on f2, and let f2+ = {x G : 0(x) > 0} and = {x G : 0(x) < 0}. Then 
X2{n) = Xi{VL+) = Ai(fi"). By (|13]) applied to both fi+ and fi" respectively 
we obtain that 

X2{^) > Ai(i?„0r(i?™)'/^max{T(r!+)-2//J,T(r!-)-2//3}, 
and dH]) follows since T(f7+) + T{n~) = T{n). □ 



Note that equality in (|45|) implies that 57 is the union of two disjoint balls 
with the same radius. 

Proof of Theorem\^ If Clm.k is a minimiser of ^ then it is of the form 
where the G^'s are as in[6l Define 

Mfc = Xk{nrn,k), (46) 

and label the eigenvalues of Gi which are not strictly larger than /i^ by 
Ai(Gi), • • • , Xj{Gi). Then similar to the proof of Lemma[71 

A,(G,) = Mfc, (47) 
and Gi is a minimiser of ([5]) under appropriate scaling with k = j . 
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Let oj — ki + where Gi , • • • , Gfe^ support one eigenvalue each, and each 
of Gki+i, • • • , Gki+k2 supports at least two eigenvalues. If a; = fc, then flm^k is 
the union of k pairwise disjoint identical balls and /i^ — \i{B)k'^^^ . Combining 
this with 

^ll < Xk{B), (48) 

gives 

k<{XkiB)/XiiB)f/^ 

Hence if fc > [{jm/2/ j(m-2)/2)'^ \ then /c2 > 1- 

By hypothesis (c) , (|46|) and (|47l) each of the components Gi , • ■ • , Gki are 
balls with r(Gi) = ■ • ■ = r(GfcJ =: a. So 

fil = Ai(Gi) = • • • = Ai(GfeJ = Ai(B)a-2/^. (49) 

Let Gi be one of the remaining k2 components supporting at least two eigen- 
values with (|T7|) . Then by Lemma [TO] 

Aife = A,(G,) > A2(G,) > Xi{B)T{G,)-^/^2^/^. (50) 

But 

min T(G.)<fc2"'StSiT(G0-fc2-i(l-fcia). (51) 

iiEiki + l,--- ,ki + k2} 

Combining (gHl), dSHl) and 1^ we obtain that 

//^ > Ai(B)max{a-2//9^(2fc2(l-A:ia)-i)2/'3}. (52) 

But the right hand side of ([5^ attains its minimum for a = (fci + 2k2)~^- Hence 
by dSll) 

fil > Xi{B){ki + 2k2f'^ > Xi{B){uj + if^^. (53) 
Combining ^ with (gH]) implies dH). □ 
The proof of Corollary U is similarly to the proof of Theorem [2] (v). 

Since the minimiser of ([S]) for k = 2 is the union of two identical disjoint 
balls it follows that each of the G^'s support either one eigenvalue or at least 
three eigenvalues. Thus k > ki + 3/c2- This can give additional information as 
is illustrated by the following. 

Consider the minimiser for ^ with fc = 4, m = 4, • • • , 7 and T Lebesgue 
measure. By Theorem [3] it has at most two components, and as no component 
supports two eigenvalues the minimiser is either connected or is the union of a 
ball supporting one eigenvalue with a component supporting three eigenvalues. 
Likewise the minimiser for fc = 5 and m = 4, • • • ,7 is by Theorem [3] either 
connected, or is the union of a ball supporting one eigenvalue with a component 
supporting four eigenvalues. For the fifth eigenvalue in M™, m = 8, • • • , 19, we 
may have up to three components, whereby there is the extra possible configura- 
tion of two components each supporting one eigenvalue and a third component 
supporting three. 
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4 Appendix 

Let u G i?o(i^) be the unique weak solution of 

- Af^u = 1 (54) 
with u = on dVl. The torsional rigidity of Q, is defined by 

P{n) = ( u. (55) 



Jn 

P is well defined since u > 0. ft is well known that P{Vl) may be finite even if 
= +00. For example if £7 is any open set in M™ for which —An > co(S~^ 

in the sense of quadratic forms, and 5 £ L^(ri), where 5 is the distance to the 

boundary then {2m)-^ < P{n) < c^^ [3]. 

Below we show that finite torsional rigidity implies discrete spectrum of the 

Dirichlet Laplacian. In particular we obtain a lower bound for Afc(f2) in terms of 

k and P{^)- This lower bound does not have Weyl asymptotics for the reason 

explained above. 

Lemma 11. If P(fl) < oo then the spectrum of —Aq is discrete, and 

Xkin) > c(m)P(f7)-2/('"+2)fc2/(m+2)^ (gg) 

where 

c(m) = {m + 2)-i(47r)"/('"+2)(2r((2 + m)/2)))2/("+2). (57) 

Proof. Let pQ{x,y;t),x € ^l,y G il.,t > denote the Dirichlet heat kernel for 
f2. It is well known that the Dirichlet heat kernel is non- negative, monotone 
increasing in and that it satisfies the semigroup property. Moreover 

u{x) = / / dt dy pfi{x,y;t). 
Jo Jn 

Let < a < 1. By ToneUi's Theorem 

poo n p 

P{n)^ / / / dt dx dy pn{x,y;t) 
Jo Jn Jn 



= (1 - a) / / / dt dx dy pQ{x,y;{l - a)t). (58) 
Jo Jn Jn 

On the other hand by domain monotonicity 

pn{x,y;at) < ps,m{x,y-at) < (47rat)-™/^ (59) 
By ((55)1 and the semigroup property 

P{n)>{l-a) f f f dt{47ratr/^ dx dy pn{x,y;{l-a)t)pn{x,y;at) 
Jo Jn Jn 

/•oo /• 

= (l-a)/ dtiAirat)"'/^ dxpn{x,x;t). (60) 
Jo Jn 

Hence the heat semigroup is trace class, and 

/ dx pn{x,x;t) = E=^^e-*^^(^^) < oo, t > 0. (61) 
Jn 
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By §Uii and dH]) 

Pin) > (1 - a)(47ra)'"/2r((2 + m)/2)S°^iA7^^+™^/^ 

> (1 - a)(47ra)'"/2r((2 + m)/2)A:A;^'+"'/'. (62) 

Choosing a = m/(r7i + 2) in ([521) gives dSHl) with □ 

Acknowledgments We wish to thank Giuseppe Buttazzo and Thomas HofFmann- 
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